II. Survey of fractality to describe water basins
The interest in a quantitative study of water basins comes from the fact that river beds strongly reflect hidden structural geological elements where geomorphology of the underlying basement and erosion play major roles. Therefore a precise observation of the rivers may allow to access to internal parameters of the soil or to verify modelling hypotheses. Furthermore, in the many domains of land-planning, risk management, ecosystem survey and cartography, the control of water flow is probably one of the main issues, especially in countries where sudden and violent rains exist like in the equatorial areas.
During the last 50 years, an abundant literature has been devoted to the description of the hydrographic net. The pioneering work of Horton [6] , Strahler [7] , Howard [8] , and Shreve [9] brought essential contributions in terms of description as well as production mechanism modelling.
Mandelbrot on the other hand, making use of the studies of Richardson [2] , proposed to interpret many of the geophysical phenomena within the framework of fractal theory [10] . An exceptionally rich domain was opened, in the general context of geosciences [11] , [12] , [13] , and for the special application of hydrology as well [14] , [15] , [16] .
A -Horton's model
Horton's model as modified by Strahler [7] establishes a hierarchy among the different streams of a river basin. Within this model, an order is attributed to the streams composing the river network, under the following assumptions:
• stream sources have order 1,
• a stream of order k+1 is issued by merging two streams of order k,
• when two streams of different orders merge, the highest order is kept.
1. the series { } n n n 1 2 1 , ,..., Ω = (where n k is the number of streams of order k ) is a geometrical inverse series whose last term is unity. The ratio of this series is defined as the bifurcation
2. the series { } l l l 1 2 , ,..., Ω (where l k is the mean length of streams of order k) is a geometrical series. The ratio of this geometrical series is defined as the stream length ratio R l l
These laws and definitions provide a complete and useful description of stream networks. But Kirchner [5] has shown that the interpretation of the resulting values in terms of geomorphic theories is limited, since many different drainage networks, even non-random ones, may provide similar values.
B -Mandelbrot's extension of Horton's model
Horton's theory is suitable to be framed by a fractal theory, since the first and the second Horton's laws introduce an exponent (respectively the bifurcation ratio and the stream length ratio) reflecting the statistical self-similarity of the process, similar to a fractal dimension.
Mandelbrot gave a first coarse model of a river network, stating that the value of the fractal dimension D of a fully developed stream network is 2 [2] , expressing by the way that it should collect water falling anywhere on the ground. This model may appear unrealistic since it doesn't limit itself to the river beds and do not consider the physical effects which limit the water in draining all the terrain surrounding the watercourse. This theoretical point of view is anyway considered, for instance in [17] . But, from a geomorphological point of view, a fractal theory of stream networks which allows the fractal dimension D to be lower than 2 and permits the geomorphological effects to be considered seems better adapted.
C -The fractal geometry of river networks of La Barbera et al.
Making use of Horton's laws, La Barbera and Rosso [18] , [14] developed a coherent framework which proposes a relationship between the Horton's parameters R B and R L and the fractal dimension D of stream networks:
We note that the non-linear elements min and max have been introduced to constrain D to be confined in the allowed range [1, 2] .
Studies performed on the relationship between length of streams L and basin area A have established [14] that:
The two equations (1) and (2) Several other fractal dimensions may be proposed to model a water stream or its catchment basin [19] , [15] , but they will not be considered in this study.
III. Measure of fractal dimension

A -Processing ERS-1 Images
ERS-1 satellite is a high-resolution (12.5 meters on the ground) radar imaging system, working in C band (5.6 cm). The response of water at this wavelength is usually very low in the direction of the satellite allowing easy detection based on thresholding of the signal. Unfortunately, because of the wide distribution of speckle noise when working at highest resolutions, a mere thresholding results in a very noisy segmentation. A conventional way to alleviate this defect is to use a contextual classification which only keeps these pixels with a favourable neighbourhood. Potts' model describes the energy of a site s x y = ( , ) as a sum of two terms: the first one (the data attachment) is a quadratic measure to the class-mean distance:
where { } k = 01 , denotes the class ("water" or "not-water"), and σ k 2 and µ k are the variance and the mean of the class k. These means and variances are measured from the two classes obtained after the thresholding of the original image.
The second term E s 2 ( ) is a contextual term which favours the dominant class in the neighbourhood of s. We have chosen an 8-neighbourhood and, denoting by r another site of the neighbourhood V of s and by δ(i) the Kronecker distribution of a discrete variable i, we
The probability of k conditionally to s is derived from the Markovian assumption and is modelled as proportional to:
The balance between E 1 and E 2 is made by choosing β Starting from the initial thresholded image J , we have chosen to create the final segmented image following the ICM technique, i.e. by visiting each site s at each iteration and by attributing to s the label k ("water" or "not-water") which maximizes p k s ( ). With a small number of iterations (usually less than 10) very stable configurations are obtained, where only few pixels are reclassified, therefore the iterative process is stopped.
The result of the Markovian contextual reclassification is of much better quality than the coarse thresholding, but isolated misclassified pixels (either "water" or "not-water") may remain if we do not iterate the reclassification process enough times. Therefore a morphological postprocessing (an opening [21] ) is performed followed by a suppression of the smallest connected components if their size is below a given threshold. This results in the final binary image F x y ( , )on which measurements are made. Expressing the complete processing by the operator P , we have:
.
B -Picture processing as a measuring tool
In theory, the determination of a fractal dimension associated with an object is classically made by successively applying a measuring instrument to the object, progressively changing the size of the instrument [10] . Typical instruments as found in the literature are ribbons, dividers, circles, etc. If a self-similarity exists in the object, the fractal dimension D is linked to the size η of the instrument and the number of times N (η) the instrument is used to cover the object by:
where ν is the space dimension and V(η) is the volume occupied by the object and related to
Different techniques have been proposed to determine N (η) in the case of geomorphological objects. They are presented in [22] . They have been compared for instance in [23] and [24] . But these papers mostly deal with the statistical aspects of the counting process (convergence towards the appropriate value), and not of the whole picture processing task.
We propose to use the picture processing stage P presented in part III.A as a measuring instrument. The object to be measured can be the boundary, the skeleton or the area of the "water" class, and thus will be measured as the number of pixels covering the object in the image F whatever its "geometrical" dimension (line or surface).
In order to guarantee a correct determination of the fractal dimension, we have to ensure that the measurement tool is self-similar at any scale. One way to do so is to use a family of homothetic processing parameters (these parameters are the parameters of Markov fields, the morphological structuring element and the size threshold) providing a hierarchy of processing P n at different scales n, with self-similar effects. Another way is to define the processing P P = 0 at the lowest scale only, and, instead of scaling up the measurement tool, scaling down the image in a pyramid like type. We use this last solution which ensures most efficiently the self-similarity of the processing.
Starting from I x y I x y ( , ) ( , ) = 0 , we create the image I x y n ( , ) by averaging each pixel of
n n × window and undersampling by the same factor. Then at every level n of the pyramid, we apply P , and obtain the binary processed image F x y P I x y n n ( , ) ( , )
which a measure M n is done of the object of interest (length of the coast-line or length of the river). By plotting M n for several scales n we may experimentally verify a possible selfsimilarity in the object and deduce its fractal dimension. Therefore the measurement technique used here is a box counting method [25] associated with a robust and contextual estimation of the cell content.
This method is tested in Section IV.
IV. Experiments and Results
We worked on a series of images from ERS-1 satellite covering the North-East of South-America, taken between April and November 1992, with 5 different orbital tracks of the satellite [26] . The images have not been corrected from the relief effects, but the altitudes being rather moderate (below 400 m in the areas of interest), the consequences on the measure are negligible. Because of the satellite angle of view (~ 25°) and the presence of a high forest cover, rivers less than 20m broad are usually not seen. This implicitly limits the highest order of the network to be detected. Two different experiments have been conducted to characterize the hydrological basin: the first one on a lake, the second on rivers.
A -The W. J. Van Blommestein lake
It is an artificial lake located in Surinam (4.5°N, 55°W). Unfortunately it was not completely covered by the images we had and we only worked on the South-East coast ( fig. 1 ).
Nevertheless, the analysed part was large enough (30 km from North to South, 20 km from East to West) to produce reliable and robust parameters.
We were interested in the fractal dimension of the lake coastal line. After having built the pyramid I n n , ,. providing a length of the coast varying from 5760 km to 64 km. We present in fig. 2 two levels of the edge pyramid. The plot of the log of the number of pixels N n of the coastline versus n is shown in fig.3 . From fig.3 and equation (7) In order to test the method we applied a similar process to another lake taken from another ERS-1 image, the Morat lake. It is a glacial lake located in Switzerland ( fig. 4) , with a very different shape. From fig.5 we see that the self-similarity hypothesis is not at all supported in this case. This doesn't allow any direct conclusion about the origin of this lake, but we may conclude that neither the SAR radar imaging system, nor the picture processing stage are responsible for the fractal aspect of fig. 3 which has therefore to be attributed to the Van Blommestein lake morphology.
B -The Maroni river
From the process presented in Part III.B, we may also detect the river network at several scales, and determine, for each scale n, either the surface a n or the length l n after extraction of the skeleton (for this we used the thinning algorithm presented in [28] ). The method was applied to a region of 2000 km 2 in the Maroni basin (French Guyane). Plotting l n for several n ( fig.6 ), we obtain a rather good linearity which supports the self-similar hypothesis, and deduce a fractal dimension 1.51 for the Maroni river length. This value may be compared with results of 30 experimental measurements made on different rivers [29] which provide an average value of 1.68 and a standard deviation of .16, or with the value 1.85 found for the Amazon river in [27] .
From that we conclude that, although it is rather low, this value is within an acceptable interval. The next step would be to automatically segment the river stream according to Horton's classification. This stage would allow verification of Horton's laws. But the automatic process is rather complex and has not yet been completed. In order to test Horton's hypotheses, we made a manual measurement from a geographical map of the number of branches as a function of the order of the branch, and obtained the plots of fig.6 which provide a bifurcation ratio R B = 4.16, within the range [3, 5] usually obtained [14] . Therefore we conclude that the Maroni river satisfies the first Horton's law, but we know from [5] that this property is easily satisfied.
When introducing R B = 4.16 and D = 1.51 in (1), we obtain a length ratio R L = 2.57, which lies indeed in the usual interval [1.5,3.5].
As we do not have, from a single radar image, any information on the digital elevation model of the catchment basin, we cannot measure automatically the basin area and cannot verify (2) which links the basin area A, the length of the streams l, and the fractal dimension D. From the value D = 1.51, we would expect a linear dependency of log(l n ) as a function of log(A n ) with a slope H =D/2 = 0.755. But we can plot the length l n at scale n, versus the surface a n of the river bed ( fig.8) . We obtain a linear dependency, with a slope h = 0.74. This experiment suggests a fractal relationship which, as far as we know has not yet been proposed:
Proposition 1: The length of a river stream is a non integer power function of the river bed area:
l a n h ∝
(8).
This proposition may be completed by a second one, if we assume that the two constants H and h are equal :
The river bed area and the catchment basin area are proportional fractal entities:
where γ is a constant independant of the scale n Both propositions are of course highly conjectural and should be sustained by further experiments or theoretically demonstrated.
C -Towards a local measure of fractality.
When carefully looking at the homogeneity of a large extension of the river stream, we may propose to have a more local measure of the fractal dimension in order to better reflect the diversity of the geomorphology. This may be done by limiting the process presented in Part III.B to areas with rather homogeneous landscapes. In fig.9 we present the Maroni river truncated in 5 different streams with fractal dimensions in the range from 1.32 to 1.81. Without surprise we notice large fractal dimensions in rather mountainous areas, while small values are attributed to valleys. The main drawback of local measures of fractality comes from the limited extension of the analysis window which reduces the reliability of the measurement. Therefore the values presented on fig. 9 have to be confirmed by other means .
D -Robustness of the fractal dimension.
In order to test the robustness of the method which produced the results of fig.5 we repeated it on a small part of the image with several different parameters. The parameters are presented in Table 1 , and the curves in fig.10 . Table1: the various parameters used to obtain curves of fig.9 .
From fig. 9 we draw the following conclusions:
1. the segmentation process is sensitive to the choice of parameters, providing stream lengthes which may vary in ratio from 1 to 5 (in the extreme case of very large scales n). Therefore the length as given by the processing P is not robust to the change of parameters. 
V. Conclusions .
Using the example of an Amazonian river and an Amazonian lake we have shown that it is possible to extract fractal parameters from satellite SAR radar images which support the models of hydrological streams as stated by Horton, Shreve and Strahler. The excellent agreement with the self-similar hypothesis in this precise case is probably due to a strong underlying geo-physical reason that we are not explaining, but measuring from the satellite images. These results illustrate the capacity of satellite remote sensing imagery to cope with very large basins and to perform measurements on a number of water streams far larger than conventional manual determination. Typical scale excursion from 1 to several hundreds may be obtained with a single scene of ERS-1, JERS-1 or Radarsat satellites. Using mosaics, a supplementary factor of 10 may be added on homogeneous enough regions.
The use of remote sensing techniques, especially when obtained with side-looking radars, provides different information than the conventional use of maps since the selection of river streams is made on a pure size criterion not compensated by any expert decision.
Nevertheless the results appear in excellent agreement with both the hydrological models and the fractal hypothesis.
A systematic use of such techniques could improve our knowledge on the morphology of given countries which are of rather difficult access, and also stimulate the discovery of new properties linking the visible aspects of the landscape to its most internal parameters. 
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